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Calabi-Yau varieties and mirror symmetry

X Calabi-Yau variety Kx = Q;’( =~ Ox

X
N

B-model of X X A-model of X
B-model of X* A-model of X*

Algebraic geometry of X*  «  Symplectic geometry of X
Deformations of
complex structure symplectic structure

Mcomplex (X*) = MK;a'hler (X)

Local isomorphism identifies tangent spaces
Hl (TX*> — del,l (X*) o Hl,l (X)

by Bogomolov-Tian-Todorov if Moser
0= HO (TX) _ Hd 1,0 (X\)
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Calabi-Yau varieties and mirror symmetry

Local isomorphism — mirror map — equality of formal power series

B (Q) = Af(q)
Q.eJ(Q) — q

Janko Boehm (TU-KL) Tropical higher genus mirror symmetry 19 September 2012 3/19



Calabi-Yau varieties and mirror symmetry

Local isomorphism — mirror map — equality of formal power series

By (Q) = Af(q)
Quantum field theory of X* Gromov-Witten theory of X
Path integrals over Mg (X,d)> C— X
trivalent Feynman graphs (quantum cohomology if g = 0)
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Calabi-Yau varieties and mirror symmetry

Local isomorphism — mirror map — equality of formal power series

By (Q) = Af(q)
Q . eJ(Q) = q
Quantum field theory of X* Gromov-Witten theory of X
Path integrals over Mg (X,d)> C— X
trivalent Feynman graphs (quantum cohomology if g = 0)
NS

Tropical geometry

On the level of tangent spaces: Interpret lattice points as
Deformations of X* Divisor classes of X
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Degenerations

Understand M comprex (X) near large complex structure limit Xp.
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Understand M comprex (X) near large complex structure limit Xp.

Xo = {X()X1X2 = 0} C IP?
Xt +t - [3]

Xo = { X0X3 = X1Xo = 0} cIP3
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Degenerations

Understand M comprex (X) near large complex structure limit Xp.

Xo = {X()X1X2 = 0} C IP?
Xt +t - [3]

Xo = { X0X3 = X1Xo = 0} cIP3
X:  +t-[2] +t-[2]

Xo = {XoXl = X1 X2 = X0X3 = X3X4 = XgXg = 0} c p*
X by structure theorem of Buchsbaum-Eisenbud

Q-Gorenstein toric Fano Y & X = Fan over Fano polytope A*
X — SpecC [t] = | CC[t]®Cox(X(1))
Special fiber Xy C Y lp € Cox(XZ (1))

Janko Boehm (TU-KL) Tropical higher genus mirror symmetry 19 September 2012 4/19



Tropical mirror correspondence

Janko Boehm (TU-KL) Tropical higher genus mirror symmetry 19 September 2012 5/19



Tropical mirror correspondence

Associate to X two metric complexes (abstract tropical varieties):
Strata(Xy) C A = Strata(Y) T,(I) C V(1) ={w | Lu(b) =1}
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Tropical mirror correspondence

Associate to X two metric complexes (abstract tropical varieties):
Strata(Xy) C A = Strata(Y) T,(I) C V(1) ={w | Lu(b) =1}

Hypersurfaces: V (/) = A* (dual of Newton-polytope) — Batyrev
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Tropical mirror correspondence

Associate to X two metric complexes (abstract tropical varieties):
Strata(Xy) C A = Strata(Y) T,(I) C V(1) ={w | Lu(b) =1}

Hypersurfaces: V (/) = A* (dual of Newton-polytope) — Batyrev

Limit of points in the tropical fiber: Strata(Xy) < T}, (/)
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Mirror symmetry for the elliptic curve

Complex structure modulus:

H={s=s1+i5 €C|s >0} I' = PSL(2, Z) modular group
Mg = /T moduli space of elliptic curves over C
E=C/A; ANs=1-Z+s5-Z seEH

Kihler modulus:

Complexified Kahler class [w] € H?(E,C) on E.

t=st [rw w=—"tdz Ndz te s

s2

Mirror symmetry:

Kahler modulus «— complex modulus
Es.: — E: s
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Embedding to projective space

Weierstrass p-function with period lattice Ay =1-Z +s-Z

p(z,s)zz%—k Z (( 1 B 1 2)

im0 \ (Z+m+ ns)2 (m+ ns)
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Embedding to projective space

Weierstrass p-function with period lattice Ay =1-Z +s-Z

p(z,s)zziz—l- Z ( 1 — 1 >

im0 \ (Z+m+ ns)?  (m+ ns)?

g(s) = %54(0)
83(s) = % E5(Q)

with the Eisenstein series and divisor power sums

(020)° — 49> — g2 — 83 =0 Q=¢e"

Ex(Q)=1-% > L Tk-1(n) Q" Tk-1(n) = Lppjp m*!
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Embedding to projective space

Weierstrass p-function with period lattice Ay =1-Z +s-Z

p(z,s)zziz—l- Z ( 1 — 1 2>

im0 \ (Z+m+ ns)?  (m+ ns)

o(s) = %54(0)
g3(s) = 5 E(Q)

with the Eisenstein series and divisor power sums

(3,0)° —49° —gp —g3 =0

Ex(Q)=1-% > L Tk-1(n) Q" Tk-1(n) = Lppjp m*!

Embedding to projective space (Weierstrass normal form)
C/As — T2, z— (1:9p(z,5):0,9(z5))
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Embedding to projective space

Weierstrass p-function with period lattice Ay =1-Z +s-Z

p(z,s)zziz—l- Z ( 1 — 1 2>

im0 \ (Z+m+ ns)?  (m+ ns)

g(s) = %54(0)
83(s) = % E5(Q)

with the Eisenstein series and divisor power sums

(0:0)° —49° —p—g3 =0
Ex(Q)=1- % :olek—l(n)Q" Tk-1(n) = Lo m*!

Embedding to projective space (Weierstrass normal form)
C/As — T2, z— (1:9p(z,5):0,9(z5))

Modular forms = C[Ey, Es] C C[E, E4, Es] = quasimodular forms.
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A-model: Hurwitz numbers

Definition
Fix 2g — 2 distinct points B = {p1, ..., pog—2} C E.

Covy,(E, B) = {

(m:C—E)~(n':C" - E)& 3Jp: C>C with 7o = 7.

C — E degree d simple branched at B / ~
C irreducible genus g curve
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A-model: Hurwitz numbers

Fix 2g — 2 distinct points B = {p1, ..., pog—2} C E.

C — E degree d simple branched at B /
C irreducible genus g curve

Covy,(E, B) = {

(m:C—E)~(n':C" - E)& 3Jp: C>C with 7o = 7.

Definition
With Aut(r) = {¢: C=>C | mo¢p = mr} define

1
ZneCovd,g(E,B) #Aut(ﬂ.’)

| \

Ng.a =

\
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A-model: Hurwitz numbers

Fix 2g — 2 distinct points B = {p1, ..., pog—2} C E.

C — E degree d simple branched at B /
C irreducible genus g curve

Covy,(E, B) = {

(m:C—E)~(n':C" - E)& 3Jp: C>C with 7o = 7.

| \

Definition
With Aut(r) = {¢: C=>C | mo¢p = mr} define

1
ZneCovd,g(E,B) #Aut(ﬂ.’)

Ng.a =

\

In disconnected case C = J; C; analogously C/?(;Ig,d(E, B) and N 4.
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Computing Hurwitz numbers for any genus and degree

Fix pp € B as basepoint. (TO\Vg’d(E, B)' = {7 with marking of 7~!(po) }
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Computing Hurwitz numbers for any genus and degree

Fix pp € B as basepoint. (fo\vgyd(E, B)' = {7 with marking of 7~!(po) }

A

T, transposition, «, 0 € Sy
Tg,d: {(Tl,...,ngz,tX,(T) | ! 1

TitwTog—2O=0 -0 -0
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Computing Hurwitz numbers for any genus and degree

Fix pp € B as basepoint. (fo\vgyd(E, B)' = {7 with marking of 7~!(po) }

A

T, transposition, «, 0 € Sy
Tg,d: {(Tl,...,ngz,oé,O') | ! 1

TitwTog—2O=0 -0 -0
S
Monodromy map t,
a e o o o o

mon : C/Z(;/g,d(E, B) — Ag,d
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Computing Hurwitz numbers for any genus and degree

Fix pp € B as basepoint. (fo\vgyd(E, B)' = {7 with marking of 7~!(po) }

A

T, transposition, «, 0 € Sy
Tg,d: {(Tl,...,ngz,Oé,O') | ! 1

TitwTog—2O=0 -0 -0
S
Monodromy map t,
a e o o o o

mon : C/Z(;/g,d(E, B) — Ag,d

Covgy(E, B) = Covg,a(E,BY /Sq = Tg.a/Sa
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Computing Hurwitz numbers for any genus and degree
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Computing Hurwitz numbers for any genus and degree

Stabs, (mon(7t")) = Aut(7r) where U — 7t forgets the marking.
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Computing Hurwitz numbers for any genus and degree

Stabs, (mon(7t")) = Aut(7r) where U — 7t forgets the marking.

5 _ e d!
Tg’d‘ - Z:7'reCovg,d(E,B) Stabs,, (mon(7’)

y = d!- Ng,d (orbit-counting thm.)
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Computing Hurwitz numbers for any genus and degree

Stabs, (mon(7t")) = Aut(7r) where U — 7t forgets the marking.

Lemma

T — d! _ A . .
Tg,d‘ - ZﬂEé(;Ig,d(E,B) W =d!- Ng,d (orblt—count/ng thm)

Definition

|

M(d) = # {7 | tlo] C [0']}) [¢']./1
€Ci(sy)

N,
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Computing Hurwitz numbers for any genus and degree

Stabs, (mon(7t")) = Aut(7r) where U — 7t forgets the marking.

Lemma

T — d! _ A . .
Tg,d‘ - ZﬂEé(;Ig,d(E,B) W =d!- Ng,d (orblt—count/ng thm)

|

Definition
0 1 0 1+1+4+1
M(d) =G {tltlol C[o]}) o MB)= (3 0 3| 1+2
€Cl(Sq) 0 2 0 3
I\A/g’d = %Zaesd #C(O’) . #{(Tl ..... ng_g) ‘ T1...T2g—20 € [0’]}
\_\/_/

d!/#][c]
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Computing Hurwitz numbers for any genus and degree

Stabs, (mon(7t")) = Aut(7r) where U — 7t forgets the marking.

Lemma

T — d! _ A . .
Tg,d‘ - ZﬂEé(;lg,d(E,B) W =d!- Ng,d (orb/t—count/ng thm)

|

Definition
0 1 0 1+1+4+1
M(d) =G {tltlol C[o]}) o MB)= (3 0 3| 1+2
€Cl(Sq) 0 2 0 3
I\A/g’d = %ZaeSd #C(O’) . #{(Tl ..... ng_g) ‘ T1...T2g—20 € [0’]}
o (o]
dl/#[o

Theorem (Roth, Yui)
Ng g = Tr (M(d)%72)
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Generating functions

Encode the number of covers in a generating function

Fe(q) =Yg Ng'dqd (disconnected I:'g(q))
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Generating functions

Encode the number of covers in a generating function
Fe(q) = Y01 Ng.aq® (disconnected F;(q))
For any degree and any genus

Z(q.A) =Yg Xa- | 2% ‘é),quzg*z (disconnected Z(q, A))
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Generating functions

Encode the number of covers in a generating function
Fe(q) = Y01 Ng.aq® (disconnected F;(q))
For any degree and any genus

Z(q.A) = Y51 Xa-1 %q‘ﬂzg*z (disconnected Z(q, A))

Lemma (Dijkgraaf)

Connected «— disconnected: Z(q,\) = eZ(ad) _q.
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Generating functions

Encode the number of covers in a generating function
Fe(q) = Y01 Ng.aq® (disconnected F,(q))
For any degree and any genus

Z(q.A) = Y51 Xa-1 %q‘ﬂzg*z (disconnected Z(q, A))

Lemma (Dijkgraaf)

Connected «— disconnected: Z(q,\) = eZ(ad) _q.

N )\2
Z(q, M) = (g+2¢° +3¢° +5¢" +...) + (¢* + 9¢° + 404" + 5
2 3 4 )\4
1¢° + 1312¢* + ..
+(q° +81q" +1312¢" + .. ) 5—, +

2

7 A
q + Zq‘1 +..) + (¢* +8¢% +30¢" + ...)ﬁ

4

3
Z(g, \) = o
(g.A) (q+2q+3

4

A
+ (¢ +80¢® + 1224¢* + AT
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Conjugacy class basis vs representation basis

Center Hy C C[Sy] has dimension part(d) and bases
Q={ze =Y e | ceCl(Sy)}

_{ . — dimx 1 A = x=x
A= {WX = g Zc X(C )ZC |X € SC/} WXWX - { 0 otherwise
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Conjugacy class basis vs representation basis

Center Hy C C[Sy] has dimension part(d) and bases
Q={ze=Y,cc0|ceCl(Sy)}

_{ . — dimx 1 A = x=x
A= {WX = g Zc X(C )ZC |X € SC/} WXWX - { 0 otherwise

M(d) = M (z+)* and Ma(z:+) is diagonal with eigenvalues () &L
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Conjugacy class basis vs representation basis

Center Hy C C[Sy] has dimension part(d) and bases
Q={ze=Y,cc0|ceCl(Sy)}

o d|m)( N ) = Wx X = X,
A= {WX = Zc ( )ZC | X € SC/} WXWX - { 0 otherwise

M(d) = M (z+)* and Ma(z:+) is diagonal with eigenvalues () &L

Theorem (Frobenius)

(3 )g(”(nTX = (Z/ uf = L v7) 5.5

= # boxes in row |
vi = # boxes in column |

} of diagonal split of x

3.5
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Conjugacy class basis vs representation basis

Center Hy C C[Sy] has dimension part(d) and bases
Q={ze =Y e | ceCl(Sy)}

o d|m)( N ) = Wx X = X,
A= {WX = Zc ( )ZC | X € SC/} WXWX - { 0 otherwise

M(d) = M (z+)* and Ma(z:+) is diagonal with eigenvalues () &L

Theorem (Frobenius)

(3 )j(”(nTX = (Z/ uf =¥ v7) 5.5

= # boxes in row |
= #+ boxes in column |

} of diagonal split of x

3.5

Theorem (Douglas)

R 2 2
Z(g,A) = —1+coeff, 0TI (1 + Wq”e2/\> I (1 + qu"e2/\>

UGZZ()+% VGZZO+%
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Quasimodularity

Janko Boehm (TU- Tropical hig genus mirror symmetry 19 September 2012



Quasimodularity

As coefficient of this generalized theta series,

Corollary (Kaneko, Zagier)

Fg is a quasimodular form of weight 6g — 6.
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Quasimodularity

As coefficient of this generalized theta series,

Corollary (Kaneko, Zagier)

Fg is a quasimodular form of weight 6g — 6.

B=f(B-8)  E=1 (5 E-195E)
C|E,, E4, Es) = C|E,, E}, EY]

Fo=—75 (BE+E)  F=5m- (1(6)+3(8)?)
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Quasimodularity

As coefficient of this generalized theta series,

Corollary (Kaneko, Zagier)

Fg is a quasimodular form of weight 6g — 6.

B=f(B-8)  E=1 (5 E-195E)
C|E,, E4, Es) = C|E,, E}, EY]

Fo=—75 (BE+E)  F=5m- (1(6)+3(8)?)

F¢(e™) are symplectic invariants of E, depend on the Kihler moduli
parameter t of E (complex moduli parameter of E¥).
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Quasimodularity

As coefficient of this generalized theta series,

Corollary (Kaneko, Zagier)

Fg is a quasimodular form of weight 6g — 6.

B=f(B-8)  E=1 (5 E-195E)
C|E,, E4, Es) = C|E,, E}, EY]

Fo=—75 (BE+E)  F=5m- (1(6)+3(8)?)

F¢(e™) are symplectic invariants of E, depend on the Kihler moduli
parameter t of E (complex moduli parameter of E¥).
Fg(€™") are (meromorphic limit of) a (non-homomorphic) section of
L®(2&=2) where L is the line bundle

ME* St HO(E:, KE;«)

and hence should be quasimodular.

Janko Boehm (TU-KL) Tropical higher genus mirror symmetry 19 September 2012 13 /19



Tropical Hurwitz numbers
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Tropical Hurwitz numbers

Definition

Branch map br: M;°P(S',d) — (S')%2
(m:T—SY) — (n(p1), ... 7(p2g—2))
Tropical Hurwitz numbers Hf,f‘;p = deg(br'™P)
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Tropical Hurwitz numbers

Definition

Branch map br: M;°P(S',d) — (S')%2
(ﬂ:r—>51) — (7‘((p1),...,7'[(p2g_2))
Tropical Hurwitz numbers Hf,f‘;p = deg(br"™P)
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Tropical Hurwitz numbers

Definition

Branch map br: M;°P(S',d) — (S')%2
(ﬂ:r—>51) — (7‘((p1),...,7'[(p2g_2))
Tropical Hurwitz numbers Hgfz,p = deg(br"™P)

Leads to combinatorial rule (or definition):

Hg‘(’jp = Y r mult(T) where T is genus g, weighted, balanced, trivalent

graph with d : 1 map to S* and 2g — 2 branch points with cyclic labelling.
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Tropical Hurwitz numbers — multiplicity
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—1

trop __ fitrop R
H, s = Ngd and H, ;~ = Ng 4 by correspondence of curves.
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Tropical Hurwitz numbers — multiplicity

g(l) >2 ‘
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trop __ fitrop R
H, s = Ngd and H, ;~ = Ng 4 by correspondence of curves.

General result: Bertrand, Brugallé, Mikhalkin.
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Tropical Hurwitz numbers — multiplicity
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-1
D= s 1 e

trop __ fitrop R
H, s = Ngd and H, ;~ = Ng 4 by correspondence of curves.

General result: Bertrand, Brugallé, Mikhalkin. More suitable here, proof
similar to IP! case Cavalieri, Johnson, Markwig.
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Tropical Hurwitz numbers — multiplicity

g(l) >2 ‘

—1

trop __ fitrop R
H, s = Ngd and H, ;~ = Ng 4 by correspondence of curves.

General result: Bertrand, Brugallé, Mikhalkin. More suitable here, proof
similar to IP! case Cavalieri, Johnson, Markwig.

3 1 (231 -(1,32) (1.2L(1,2)
25 03 (1,2,3)/{3][1'31 2002 1.2)
(1.3) (1,30N(2.3)

—.3 .« 2 . 3 . 2 =6
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Tropical Hurwitz numbers — Example

Ny 3 =?
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Tropical Hurwitz numbers — Example
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mult(T) = 2232 =36
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Tropical Hurwitz numbers — Example

PR

mult(T) = =22.32 =36 mult(T
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Tropical Hurwitz numbers — Example

PR

mult(T) =22-32 =36 mult(T) =22-3=12 mult(T
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Tropical Hurwitz numbers — Example

N33
2 : 2
- )
mult(T) =22-32 =36 mult(T mult(T) =22-3=6
R

mult(l) =5-2-2=

N
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Tropical Hurwitz numbers — Example

N3 3=
2 2
- )

mult(T) =22-32 =36 mult(T mult(T) =22-3=6
1@1
“ 2. ) 5 1
mult(T) =3-2-2= mult(T') =22 =4
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Tropical Hurwitz numbers — Example

N3 3=
2 2
- )

mult(T) =22-32 =36 mult(T mult(T) =22-3=6
e R
mult(l') = 5 22 = mult(T) =22 =4 mult(l') = %%22 =1
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Tropical Hurwitz numbers — Example

N3 3 = 162
mult(T) = 22 32 =36 mult(l) = 22 3=12 mult(T
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Tropical computation of finer invariants

(M (d)zg_2) [o].]o] = T with partition [o] SUeR e LGN
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Tropical computation of finer invariants

[o].[o] = ZF with partition [0] overmmlﬂt(r)

01 0\* /27 0 27\ 14141
M(3)232=(3 0 3| =[0 8 0] 1+2 Tr = 162
02 0 54 0 54/ 3
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Tropical computation of finer invariants

(M(d)*72) (o],fo] = LT with partition [0] SUeR e LGN

oN\* /27 0 27\ 1+1+1
3
0

=10 8 0 142 Tr = 162
54 0 54/ 3

(33— 1+2

01
M(3)23-2= (3 o0
0 2

D 1+1+]1

N
A
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model: Feynman integrals

Basic idea: Count constant maps f : C — E*.
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B-model: Feynman integrals

Basic idea: Count constant maps f : C — E*. If g(C) = 0 always
Pt {py C E
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B-model: Feynman integrals

Basic idea: Count constant maps f : C — E*. If g(C) = 0 always

P {p} C E*, if g(C) > 0 then C may degenerate into union of
3-punctured P!, then P' U ... UP? LN {p1,....pr} C E*.
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B-model: Feynman integrals
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Pt {p} C E*, if g(C) > 0 then C may degenerate into union of
3-punctured P!, then P! U...UP! — {p;, ... p,} C E*.

Such a degenerate curve is a trivalent Feynman graph on E* with 2g — 2
vertices and 3g — 3 edges, that is,
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B-model: Feynman integrals

Basic idea: Count constant maps f : C — E*. If g(C) = 0 always
Pt {p} C E*, if g(C) > 0 then C may degenerate into union of
3-punctured P!, then P! U...UP! — {p;, ... p,} C E*.

Such a degenerate curve is a trivalent Feynman graph on E* with 2g — 2
vertices and 3g — 3 edges, that is,

a tropical curve I' with a map 7w : ' — E*

such that the image is a cycle homotopy equivalent to [0, 1]
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B-model: Feynman integrals

Basic idea: Count constant maps f : C — E*. If g(C) = 0 always
Pt {p} C E*, if g(C) > 0 then C may degenerate into union of
3-punctured P!, then P! U...UP! — {p;, ... p,} C E*.

Such a degenerate curve is a trivalent Feynman graph on E* with 2g — 2
vertices and 3g — 3 edges, that is,

a tropical curve I' with a map 7w : ' — E*

such that the image is a cycle homotopy equivalent to [0, 1] and avoids
the singularities of the lattice periodic propagator

1 1 :
= 290(9.2) + 5E2(q) ifz#0
Plz) = { LE(q) ifz=0
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B-model: Feynman integrals

Basic idea: Count constant maps f : C — E*. If g(C) = 0 always
Pt {p} C E*, if g(C) > 0 then C may degenerate into union of
3-punctured P!, then P! U...UP! — {p;, ... p,} C E*.

Such a degenerate curve is a trivalent Feynman graph on E* with 2g — 2
vertices and 3g — 3 edges, that is,

a tropical curve I' with a map 7w : ' — E*

such that the image is a cycle homotopy equivalent to [0, 1] and avoids
the singularities of the lattice periodic propagator

{ 2 0(q.2) + 5E(q) ifz#0

Plz) = LE(q) ifz=0

Fo= Y gakm /dzl... / dzgr [I  Plra(w)—m(v))
r z1 Z2g—2 {v.w}ee(T)
where 7T, varies over all positions z; of branch points.
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Feynman integrals

Example (Genus 2)

Zy
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Feynman integrals

Example (Genus 2)
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Feynman integrals

Example (Genus 2)
/dZQP(ZQ — 21)3

2

1 3_ 6 2 _ _E} _ B
= T 64ns /dzzp 6470 /dzzp o5 | 926 — 1753
V4 Z Z

2 2 2

Zy

z,=0
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Feynman integrals

Example (Genus 2)
/dZQP(ZQ — 21)3

2

1 3_ 6 2 _ _E} _ B
= T 64ns /dzzp 6470 /dzzp o5 | 926 — 1753
V4 Z Z

2 2 2

Zy

2=0 _ 4320 (—4E — 6E,E + 10E}) = # Aut(T) - F2(q)
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Feynman integrals
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Feynman integrals

Example (Genus 2)

/dZQP(ZQ —z1)3

2

1 3_ 6 2 _ _E} _ B
6470 /dzzp 6470 /dzzp o5 | 926 — 1753
2z z 2z

2=0 _ 4320 (—4E — 6E,E + 10E}) = # Aut(T) - F2(q)

Zy

/dZ2P(22 —Zl)P(())z 12E2 /ngP 22

\ﬂ,_/
0
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Feynman integrals

Example (Genus 2)

/dZQP(ZQ —z1)3

2

1 3_ 6 2 _ _E} _ B
6470 /dzzp 6470 /dz2p o5 | 926 — 1753
2z z 2z

2=0 _ 4320 (—4E — 6E,E + 10E}) = # Aut(T) - F2(q)

Zy

/dZ2P<Z2 —Zl)P(O)2 12E2 /dZQP 22

\ﬂ,_/
0

v

This matches nicely tropical geometry: The second graph does not lead to
tropical covers, since the weight 0 edge would be contracted.
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