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Semigroup rings

For abelian semigroup B the semigroup ring R|[B] is the free R-module
with basis t? for b € B, and multiplication defined by the R-bilinear
extension of t2 - tP = tath,
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Semigroup rings

For abelian semigroup B the semigroup ring R|[B] is the free R-modul

with basis t? for b € B, and multiplication defined by the R-bilinear
extension of t2 - tP = tath,

Example

(S

B ={((2,0,3),(4,0,1),(0,23),(1,31),(1,22)) C N> K field
K[B] = K[t2t3, t}t3, 383, t1tot3, tytat3]

2 2 2 4 2.2 2
= Klxo, X1, X2, X3, Xa]/ (x1X5 — X0Xi, XoXoX3 — Xz, X3X3 — X1X2Xj )

As affine algebra defined by a binomial ideal.
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Semigroup rings

For abelian semigroup B the semigroup ring R|[B] is the free R-module

with basis t? for b € B, and multiplication defined by the R-bilinear

extension of t2 - tP = ta+b,

Example
B={((2,03),(4,0,1),(0,2,3),(1,3,1),(1,2,2)) C N® K field
K[B] = K[t2t3, t}t3, 383, t1tot3, tytat3]

2 2 2 4 2.2 2
= Klxo, X1, X2, X3, Xa]/ (x1X5 — X0Xi, XoXoX3 — Xz, X3X3 — X1X2Xj )

As affine algebra defined by a binomial ideal.

Outline:

@ Decompose K[B] into simpler pieces.
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Semigroup rings

For abelian semigroup B the semigroup ring R|[B] is the free R-module

with basis t? for b € B, and multiplication defined by the R-bilinear

extension of t2 - tP = ta+b,

Example
B={((2,03),(4,0,1),(0,2,3),(1,3,1),(1,2,2)) C N® K field
K[B] = K[t2t3, t}t3, 383, t1tot3, tytat3]

2 2 2 4 2.2 2
= Klxo, X1, X2, X3, Xa]/ (x1X5 — X0Xi, XoXoX3 — Xz, X3X3 — X1X2Xj )

As affine algebra defined by a binomial ideal.

Outline:

@ Decompose K[B] into simpler pieces.
e Fast algorithm to compute the regularity of K[B] via decomposition.
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Semigroup rings

For abelian semigroup B the semigroup ring R|[B] is the free R-module

with basis t? for b € B, and multiplication defined by the R-bilinear

extension of t2 - tP = ta+b,

Example
B={((2,03),(4,0,1),(0,2,3),(1,3,1),(1,2,2)) C N® K field
K[B] = K[t2t3, t}t3, 383, t1tot3, tytat3]

2 2 2 4 2.2 2
= Klxo, X1, X2, X3, Xa]/ (x1X5 — X0Xi, XoXoX3 — Xz, X3X3 — X1X2Xj )

As affine algebra defined by a binomial ideal.

Outline:

@ Decompose K[B] into simpler pieces.
e Fast algorithm to compute the regularity of K[B] via decomposition.
@ Determine ring theoretic properties of K[B] via decomposition.
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Semigroup rings

For abelian semigroup B the semigroup ring R|[B] is the free R-module

with basis t? for b € B, and multiplication defined by the R-bilinear

extension of t2 - tP = ta+b,

Example
B={((2,03),(4,0,1),(0,2,3),(1,3,1),(1,2,2)) C N® K field
K[B] = K[t2t3, t}t3, 383, t1tot3, tytat3]

2 2 2 4 2.2 2
= Klxo, X1, X2, X3, Xa]/ (x1X5 — X0Xi, XoXoX3 — Xz, X3X3 — X1X2Xj )

As affine algebra defined by a binomial ideal.

Outline:
@ Decompose K[B] into simpler pieces.
e Fast algorithm to compute the regularity of K[B] via decomposition.
@ Determine ring theoretic properties of K[B] via decomposition.
@ Verify conjectured bounds on the regularity.
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Decomposition theorem

Write G(B) for the group generated by B.
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Decomposition theorem

Write G(B) for the group generated by B.

Let A C B be cancellative abelian semigroups, and R an integral domain.
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Decomposition theorem

Write G(B) for the group generated by B.

Theorem

Let A C B be cancellative abelian semigroups, and R an integral domain.
Then the R[A]-module R[B] is isomorphic to the direct sum of submodules
Iy C RIG(A)]

indexed by elements
g€ G:=G(B)/G(A).

Janko Boehm (TU-KL) Decomposition of Semigroup Algebras 20 March 2013 3/18



Decomposition theorem

Write G(B) for the group generated by B.

Theorem

Let A C B be cancellative abelian semigroups, and R an integral domain.
Then the R[A]-module R[B] is isomorphic to the direct sum of submodules

lg C R[G(A)]

indexed by elements
g€ G:=G(B)/G(A).

Proof.
RIBl=€D, sl with =R {tb | be Bﬂg} C R[B]

If we choose for each g € G an h, € g then as R[A]-modules

I, .=R-{tths | pec BN C R[G(A
(2= R {0 | &}, o FIEA]
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Decomposition of positive affine semigroup rings

Make the decomposition effective?
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Decomposition of positive affine semigroup rings

Make the decomposition effective?

In the following let R = K be a field, and A C B be positive affine
semigroups (finitely generated subsemigroups of some IN™).
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Decomposition of positive affine semigroup rings

Make the decomposition effective?

In the following let R = K be a field, and A C B be positive affine
semigroups (finitely generated subsemigroups of some IN™).

Ba={x€B|x—a¢ BVaec A\{0}}

is the unique minimal subset of B with

K[B] = K[A] - {tb |be BA}.
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Decomposition of positive affine semigroup rings

Make the decomposition effective?

In the following let R = K be a field, and A C B be positive affine
semigroups (finitely generated subsemigroups of some IN™).

Ba={x€B|x—a¢ BVaec A\{0}}
is the unique minimal subset of B with
K[B] = K[A] - {tb |be BA}.

For computations we need that By, is finite.
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Decomposition of positive affine semigroup rings

Make the decomposition effective?
In the following let R = K be a field, and A C B be positive affine
semigroups (finitely generated subsemigroups of some IN™).

Ba={xeB|x—a¢ BVac A\ {0}}
is the unique minimal subset of B with
K[B] = K[A] - {tb |be BA}.
For computations we need that By, is finite.

Write C(B) for the positive rational cone generated by B.

K|[B] is finitely generated K[A]-module iff C(A) = C(B).

Note: If By is finite then also G = G(B)/G(A).
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Algorithm for minimal generators

For simplicity A = (e1, ...,eq) C B = (b1 = e1, ..., by = €4, bg+1, ..., bn).
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Algorithm for minimal generators

For simplicity A = (e1, ...,eq) C B = (b1 = e1, ..., bg = ed, bg+1, ...

 bn).

Algorithm

Input:

AC B CIN™ with C(A) = C(B).

Output: By
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Algorithm for minimal generators

For simplicity A = (e1, ...,eq) C B = (b1 = e1, ..., by = €4, bg+1, ..., bn).

Algorithm

Input: A C B CIN" with C(A) = C(B).
Output: By

@ Compute Ig = ker @ for ¢ : K[x1, ..., x,] — K[B], x; > tbi.
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Algorithm for minimal generators

For simplicity A = (e1, ...,eq) C B = (b1 = e1, ..., by = €4, bg+1, ..., bn).

Algorithm

Input: A C B CIN" with C(A) = C(B).

Output: By
@ Compute Ig = ker ¢ for ¢ : K[x1, ..., xa] = K[B],
@ Compute monomial K-basis {v;} of K[x1,...,xn|/ (X1, .... X4, IB).

Xj —> thi,
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Algorithm for minimal generators

For simplicity A = (e1, ...,eq) C B = (b1 = e1, ..., by = €4, bg+1, ..., bn).
Algorithm

Input: A C B CIN" with C(A) = C(B).
Output: By

@ Compute Ig = ker @ for ¢ : K[x1, ..., x,] — K[B], x; > tbi.

@ Compute monomial K-basis {v;} of K[x1,...,xn|/ (X1, .... X4, IB).
Return: By = {deg(v;) | i}.
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Algorithm for minimal generators

For simplicity A = (e1, ...,eq) C B = (b1 = e1, ..., by = €4, bg+1, ..., bn).

Algorithm

Input: A C B CIN™ with C(A) = C(B).
Output: By
@ Compute Ig = ker @ for ¢ : K[x1, ..., x,] — K[B], x; > tbi.

@ Compute monomial K-basis {v;} of K[x1, ..., xn]/ (X1, ..., Xd, I5).
Return: By = {deg(v;) | i}.

| A\

Example

A=((20,.3),(4,0,1),(0.2,3),(1.3,1)) C
B ={(2 ,)'(4,0,1) (0,2,3), (1, )(122)>C1N3

K[Xo, ...,X4]/ <X0, .0 X3, IB> = K[X(), . ]/<X0, ...,X3,Xf> IK<1,)_<4,)_(£,)_<2>

Ba = {(0,0,0), (1,2,2), (2,4,4),(3,6,6)}
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Decomposition algorithm

Algorithm

Input: A C B C IN™ with C(A) = C(B).
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Decomposition algorithm

Algorithm
Input: A C B C IN™ with C(A) = C(B).
Output: Decomposition as Z™-graded K[A]-modules

RIBI = @, Js(~hg)

with monomial ideals l; C K[A] and twists hg € G(B).
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Decomposition algorithm

Algorithm

Input: A C B C IN™ with C(A) = C(B).

Output: Decomposition as Z™-graded K[A]-modules
RIBI= @), ls(~he)

with monomial ideals l; C K[A] and twists hg € G(B).

Q Partition By = Ugeg Iy into classes Tg = BaN g modulo G(A).
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Decomposition algorithm

Algorithm
Input: A C B C IN™ with C(A) = C(B).
Output: Decomposition as Z™-graded K[A]-modules

RIBI = @, Js(~hg)

with monomial ideals l; C K[A] and twists hg € G(B).

Q Partition By = Ugeg Iy into classes Tg = BaN g modulo G(A).
@ Foreach g € G choose g’ € BNg.
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Decomposition algorithm

Algorithm
Input: A C B C IN™ with C(A) = C(B).
Output: Decomposition as Z™-graded K[A]-modules

RIBI = @, Js(~hg)

with monomial ideals l; C K[A] and twists hg € G(B).

Q Partition By = Ugeg Iy into classes Tg = BaN g modulo G(A).
@ Foreach g € G choose g’ € BNg.

© For each v € T choose ¢, j € Z withv = g’ + Zf:le,j - .
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Decomposition algorithm

Algorithm
Input: A C B C IN™ with C(A) = C(B).
Output: Decomposition as Z™-graded K[A]-modules

RIBI = @, Js(~hg)

with monomial ideals l; C K[A] and twists hg € G(B).

Q Partition By = Ugeg Iy into classes Tg = BaN g modulo G(A).
@ Foreach g € G choose g’ € BNg.

© For each v € T choose ¢, j € Z withv = g’ + Zf:le,j - .

Q Setc,;=min{c,;|veT,}
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Decomposition algorithm

Algorithm
Input: A C B C IN™ with C(A) = C(B).
Output: Decomposition as Z™-graded K[A]-modules
RIBI= @ le(~he)
with monomial ideals I C K[A] and twists hg € G(B).
Q Partition By = Ugeg Iy into classes Tg = BaN g modulo G(A).
@ Foreach g € G choose g’ € BNg.

© For each v € T choose ¢, j € Z withv = g’ + Zj‘-jzlcv,j - .
Q Setc,;=min{c,;|veT,}

Return: hy =g +Y% cl e Iy =K[A- {tV*hg lve rg}
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Decomposition algorithm

Algorithm
Input: A C B C IN™ with C(A) = C(B).
Output: Decomposition as Z™-graded K[A]-modules

RIBI = @, Js(~hg)

with monomial ideals I C K[A] and twists hg € G(B).

Q Partition By = Ugeg Iy into classes Tg = BaN g modulo G(A).
@ Foreach g € G choose g’ € BNg.

© For each v € T choose ¢, j € Z withv = g’ + Zj‘-jzlcv,j - .
Q Setc,;=min{c,;|veT,}

Return: hy =g +Y% cl e Iy =K[A- {tV*hg lve rg}

Note: v — hg = Zf":1(cv,j —Cg;) € € A, hence Iy is an ideal in K[A].
>0
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Decomposition algorithm

A=((2,0,3
B

v
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Decomposition algorithm

A=((20,3),(4,01),(0,23),(1,3,1)) C
B ={(2,0,3),(4,0,1),(0,2,3),(1,3,1),(1,2,2)) c N3
Row reduction gives G(B)/G(A) = {(0,0,0),(5,0,0)}, hence
Ba={(0,0,0),(2,4,4)} U{(1,2,2),(3,6,6)}
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Decomposition algorithm

A=((2,0,3),(40,1),(0,23),(1,31)) C
B ={(2,0,3),(4,0,1),(0,2,3),(1,3,1),(1,2,2)) c N3
Row reduction gives G(B)/G(A) = {(0,0,0), (5,0,0)}, hence
Ba ={(0,0,0),(2,4,4)} U{(1,2,2),(3,6,6)}
(2,0,3) (4,0,1) (0,2,3) (1,3,1)

(0,0,0)— (0,0,0) =] 0 0 0 0
(2,4,4)—(0,0,0)=| -1 1 2 0
(1,22)— (500 =] 0 —1 1 0
(3,6,6) — (5,0,0) = | —1 0 3 0
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Decomposition algorithm

A=1((2,0,3),(4,0,1),(0,2,3),(1,3,1)) C
B ={(2,0,3),(4,0,1),(0,2,3),(1,3,1),(1,2,2)) c N3
Row reduction gives G(B)/G(A) = {(0 0,0),(5,0,0)}, hence
Ba = {(0,0,0),(2,4,4)}U{(1,2,2),(3,6,6)}
(2,0,3) (4,0,1) (0,2,3) (1,3,1)
(0,0,0) — (0,0,0) = 0 0 0 0
(2,4,4)—(0,0,0)=| -1 1 2 0
(1,2,2) — (5,0,0) = 0 -1 1 0
(3,6,6) — (5,0,0) = | —1 0 3 0
Twists (g 0,0) = (0,0,0) —(2,0,3) = (—2,0,-3)

h(s,0,0) = (5,0,0) — (2,0,3) — (4,0,1) + (0,2,3) = (—1,2,-1)
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Decomposition algorithm

A=((2,0,3),(4,0,1),(0,2,3),(1,3,1))
Ba= {(0,0,0),(244)) U {(122),(366)}
h,0,0) = (=2,0,=3) hes 0,0 = (1,2, -1)
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Decomposition algorithm

A=((2,0,3),(4,0,1),(0,2,3),(1,3,1))
Ba= {(0,0,0),(244)) U {(122),(366)}
h,0,0) = (=2,0,=3) hes 0,0 = (1,2, -1)

So the corresponding ideals are generated by

(0,0,0) +(2,0,3) = (2,0,3) (1,-2,1) )= ( )
(2,4,4)+(2,0,3) = (4,4,7) (1,-2,1)+(3,6,6) = (4,4,7)
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Decomposition algorithm

A={((2,0,3),(40,1),(0,23),(1,3,1))

Ba= {(0,0,0),(244)) U {(122),(366)}
h,0,0) = (=2,0,=3) hes 0,0 = (1,2, -1)

So the corresponding ideals are generated by

(0,0,0)+ (2,0,3) = (2,0,3)  (1,-2,1
(2,4,4)+(2,0,3) = (4,4,7)  (1,-2,1)+

~— —
—~
w
o
()]
~— —
—~
NS
SN
~
~— —

Hence, by t2t3 = xo and tft3t] = x1x2 we get

K[B] = <x0, X1X22> (2,0,3) @ <X0,X1X22> (1,-2,1)
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Decomposition algorithm

A=((2,0,3),(4,0,1),(0,2,3),(1,3,1))
Ba= {(0,0,0),(244)) U {(122),(366)}
h,0,0) = (=2,0,=3) hes 0,0 = (1,2, -1)

So the corresponding ideals are generated by

(0,0,0)+ (2,0,3) = (2,0,3)  (1,-2,1
(2,4,4)+(2,0,3) = (4,4,7)  (1,-2,1)+

~— —
—~
w
o
()]
~— —
—~
NS
SN
~
~— —

Hence, by t2t3 = xo and t{t5t] = x1x3 we get
K[B] = (xo, X1X22> (2,0,3)® <xo,x1x22> (1,-2,1)

Via the decomposition of semigroup algebras we can develop a very fast
algorithm to determine the regularity of K[B].
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Regularity

Let R = K|[x1, ..., Xn] be the standard graded and Ry = (x1, ..., Xn).
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Regularity

Let R = K|[x1, ..., Xn] be the standard graded and Ry = (x1, ..., Xn).

The Castelnuovo-Mumford regularity of a graded R-module M is
reg M = max {a(Hg, (M))+i|i>0}
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Regularity
Let R = K|[x1, ..., Xn] be the standard graded and Ry = (x1, ..., Xn).

Definition
The Castelnuovo-Mumford regularity of a graded R-module M is

reg M = max{a(H;.h(M)) +i|i>0}
where a(H;'h(M)) = max {n | [H,’§+(M)],, #0} a(0) = —o0

and H,"?Jr(M) is the i-th local cohomology module of M w.r.t R,.
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Regularity

Let R = K|[x1, ..., Xn] be the standard graded and Ry = (x1, ..., Xn).

Definition

The Castelnuovo-Mumford regularity of a graded R-module M is
reg M = max {a(Hg, (M))+i|i>0}
where a(H;'h(M)) = max {n | [H,’.h(l\/l)],, #0} a(0) = —o0

and H;'h(M) is the i-th local cohomology module of M w.r.t R,.

It is related to resolutions via:

Proposition (Eisenbud-Goto)

Given a minimal graded free resolution

0¢— M«— D2 R(—do;) «— ... «— Dj;R(—ds;) «—0
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Regularity

Let R = K|[x1, ..., Xn] be the standard graded and Ry = (x1, ..., Xn).

Definition

The Castelnuovo-Mumford regularity of a graded R-module M is

reg M = max{a(Hfh(M)) +i|i>0}
where a(H;'h(M)) = max {n | [H,’.h(l\/l)],, #0} a(0) = —o0

and H;'h(M) is the i-th local cohomology module of M w.r.t R,.

It is related to resolutions via:

Proposition (Eisenbud-Goto)

Given a minimal graded free resolution
0¢— M«— D2 R(—do;) «— ... «— Dj;R(—ds;) «—0
it holds
reg M = max{d;; —i|ij}
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Applications

Very important application:
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Applications

Very important application: There are packages of 6, 9 and 20 Chicken
McNuggets. Is there a largest number you cannot order?
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Applications

Very important application: There are packages of 6, 9 and 20 Chicken
McNuggets. Is there a largest number you cannot order?

Definition

Given n > 2 positive integers a; < ... < a, with ged(ay, ..., a,) = 1 the
Frobenius number is the largest integer F(as, ..., a,) which cannot be
written as an INg-linear combination of the a;.
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Applications

Very important application: There are packages of 6, 9 and 20 Chicken
McNuggets. Is there a largest number you cannot order?

Given n > 2 positive integers a; < ... < a, with ged(ay, ..., a,) = 1 the
Frobenius number is the largest integer F(as, ..., a,) which cannot be
written as an INg-linear combination of the a;.

Lemma
For B = ((a5,0), (an — a1,21), ..., (an — an—1, an—1), (0, a,)) C IN?
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Applications

Very important application: There are packages of 6, 9 and 20 Chicken
McNuggets. Is there a largest number you cannot order?

Given n > 2 positive integers a; < ... < a, with ged(ay, ..., a,) = 1 the
Frobenius number is the largest integer F(as, ..., a,) which cannot be
written as an INg-linear combination of the a;.

Lemma

For B = ((a5,0), (an — a1,21), ... (an — an—1,an-1), (0,2,)) C IN? it
holds

F(a1,....an) < (regK[B] —1)a,—1
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Applications

Very important application: There are packages of 6, 9 and 20 Chicken
McNuggets. Is there a largest number you cannot order?

Given n > 2 positive integers a; < ... < a, with ged(ay, ..., a,) = 1 the

Frobenius number is the largest integer F(as, ..., a,) which cannot be
written as an INg-linear combination of the a;.

Lemma

For B = ((a5,0), (an — a1,21), ... (an — an—1,an-1), (0,2,)) C IN? it
holds

F(a1,....an) < (regK[B] —1)a,—1

Idea of the proof:

Hig), (KIB]) = K[G(B)N ((Z\ B1) x (Z\ By))]
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Applications
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Regularity Algorithm

A positive affine semigroup B has a unique minimal generating set
Hilb(B) = {b1, ..., by} its Hilbert basis.
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Regularity Algorithm

A positive affine semigroup B has a unique minimal generating set
Hilb(B) = {b1, ..., by} its Hilbert basis. Assume that B is
homogeneous, that is, there is a group homomorphism deg : G(B) — Z
with deg b = 1 for all b;. Then K[B] is R = K|x1, ..., xo]-module by

R — K[B], x; — t"i,
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Hilb(B) = {b1, ..., by} its Hilbert basis. Assume that B is
homogeneous, that is, there is a group homomorphism deg : G(B) — Z
with deg b = 1 for all b;. Then K[B] is R = K|x1, ..., xo]-module by

R — K[B], x; — t"i,

Proposition
Let A C B be a submonoid with Hilb(A) = {e&;

C(A) = C(B), and
KIBI = @ le(~he)

Then:
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A positive affine semigroup B has a unique minimal generating set
Hilb(B) = {b1, ..., by} its Hilbert basis. Assume that B is
homogeneous, that is, there is a group homomorphism deg : G(B) — Z
with deg b = 1 for all b;. Then K[B] is R = K|x1, ..., xo]-module by

R — K[B], x; — t"i,

Proposition
Let A C B be a submonoid with Hilb(A) = {e&;

C(A) = C(B), and
KIBI = @ le(~he)

Q reg K[B] = max{regly; +deghy | g € G}
(here reg Iy is the regularity of the ideal I C K[A] w.r.t the canonical
T =K|[x1,...,xq]-module structure T — K[A] C K[B], x; — t%).

Then:
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Regularity Algorithm

A positive affine semigroup B has a unique minimal generating set
Hilb(B) = {b1, ..., by} its Hilbert basis. Assume that B is
homogeneous, that is, there is a group homomorphism deg : G(B) — Z
with deg b = 1 for all b;. Then K[B] is R = K|x1, ..., xo]-module by

R — K[B], x; — t"i,

Proposition
Let A C B be a submonoid with Hilb(A) = {e&;

C(A) = C(B), and
KIBI = @ le(~he)

Q reg K[B] = max{regly; +deghy | g € G}
(here reg Iy is the regularity of the ideal I C K[A] w.r.t the canonical
T =K|[x1,...,xq]-module structure T — K[A] C K[B], x; — t%).
Q deg K[B] = |G| - deg K[A].

Then:
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Regularity Algorithm

Idea of proof:

0 Hi (K[B]) = H]

K[B]+(K[B]) = H5,-+(K[B]). Claim follows from
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Regularity Algorithm

Idea of proof:

Q@ Hp (K[B]) = H;'<[B]+(K[B]) = Hi (K[B]). Claim follows from
K[B] = @4cq lg(—hg) as Z-graded T-modules.
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Regularity Algorithm

Idea of proof:

o H;.\,+(K[B]) o~ H;'<[B]+(K[B]) = Hi(K[B]). Claim follows from
K[B] = @4cq lg(—hg) as Z-graded T-modules.
Q degl; = deg K[A] for all g.
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Regularity Algorithm

Idea of proof:

Q@ Hp (K[B]) = H;<[B]+(K[B]) = Hi (K[B]). Claim follows from
K[B] = @4cq lg(—hg) as Z-graded T-modules.

Q degl; = deg K[A] for all g. 0

Algorithm

Input: Homogeneous semigroup B, field K.
Output: reg K|[B]
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Regularity Algorithm

Idea of proof:

@ Hi (K[B]) = Hyg, (K[B]) = Hr, (K[B]). Claim follows from
K[B] = @4cq lg(—hg) as Z-graded T-modules.

Q deg/y = deg K[A] for all g. 0

Algorithm
Input: Homogeneous semigroup B, field K.
Output: reg K[B]
@ Choose a minimal {ey, ..., eq} C Hilb(B) generating C(B), set
A= <e1, boog €d>.
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@ Hi (K[B]) = Hyg, (K[B]) = Hr, (K[B]). Claim follows from
K[B] = @4cq lg(—hg) as Z-graded T-modules.

Q deg/y = deg K[A] for all g. 0

Algorithm

Input: Homogeneous semigroup B, field K.
Output: reg K[B]
@ Choose a minimal {ey, ..., eq} C Hilb(B) generating C(B), set
A= <e1, boog €d>.
@ Over K[A] decompose K[B] = @ c¢ lg(—hg)-
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Idea of proof:

@ Hi (K[B]) = Hyg, (K[B]) = Hr, (K[B]). Claim follows from
K[B] = @4cq lg(—hg) as Z-graded T-modules.

Q deg/y = deg K[A] for all g. 0

Algorithm

Input: Homogeneous semigroup B, field K.
Output: reg K[B]
@ Choose a minimal {ey, ..., eq} C Hilb(B) generating C(B), set
A= <e1, boog €d>.
@ Over K[A] decompose K[B] = @ c¢ lg(—hg)-
© Determine deg : G(B) — Z.
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Regularity Algorithm

@ Hi (K[B]) = Hjg (K[B]) = Hr (K[B]). Claim follows from
K[B] = @ cc lg(—hg) as Z-graded T-modules.
Q deg/, = deg K[A] for all g.

Algorithm

Input: Homogeneous semigroup B, field K.
Output: reg K[B]
@ Choose a minimal {ey, ..., eq} C Hilb(B) generating C(B), set
A= <e1, boog €d>.
@ Over K[A] decompose K[B] = @ c¢ lg(—hg)-
© Determine deg : G(B) — Z.
Return: max {regl; +degh, | g € G}
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Regularity Algorithm

@ Hi (K[B]) = Hjg (K[B]) = Hr (K[B]). Claim follows from
K[B] = @ cc lg(—hg) as Z-graded T-modules.
Q deg/, = deg K[A] for all g.

Algorithm

Input: Homogeneous semigroup B, field K.
Output: reg K[B]

@ Choose a minimal {ey, ..., eq} C Hilb(B) generating C(B), set
A= <e1, boog €d>.

@ Over K[A] decompose K[B] = @ c¢ lg(—hg)-
© Determine deg : G(B) — Z.
Return: max {regl; +degh, | g € G}

Key observation: Minimal graded res of Iz has length at most |[Hilb(A)|.
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Regularity Algorithm

In the above example

K[B] = 1(2,0,3) @ I(1,—2,1) with

I = (x0.x13) C K[A] = K[x0,x1, %, x3]/ (x{x3 — x3x3))

v
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Regularity Algorithm

In the above example

K[B] = 1(2,0,3) @ I(1,—2,1) with

I = (x0.x13) C K[A] = K[x0,x1, %, x3]/ (x{x3 — x3x3))

A resolution of I as T = Q[xp, x1, X2, x3]-module is

2 2,2
(s 502 ) (Xlxz 0% )
—X0 —X1X2

0+ I1+—T(-1)T(-3)«—T(—4)T(-5+—0

hence reg | = 4.

v
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Regularity Algorithm

In the above example

K[B] = 1(2,0,3) @ I(1,—2,1) with

I = (x0.x13) C K[A] = K[x0,x1, %, x3]/ (x{x3 — x3x3))

A resolution of I as T = Q[xp, x1, X2, x3]-module is

2 2,2
(s 502 ) (Xlxz 0% )
—X0 —X1X2

0+ I1+—T(-1)T(-3)«—T(—4)T(-5+—0

hence reg | = 4. The group homomorphism is given by
deg b = (b1 + by + b3) /5 and therefore

reg K[B] = max{4—1,4 -0} = 4.

v
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Computation of reg K[B] via decomposition of semigroup algebras (MA),
resolution (RES) and the algorithm of Bermejo-Gimenez (BG):
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Computation of reg K[B] via decomposition of semigroup algebras (MA),
resolution (RES) and the algorithm of Bermejo-Gimenez (BG):

e K =Q, B C N3 with ¢ + 3 random generators of coordinate sum 5:
c 1 2 3 4 5 6 7 8 9
MA | 073 089 .095 .10 .13 .14 .14 19 .16

RES | .0099 .0089 .011 .013 .020 .046 .18 1.1 6.8
BG 036 053 47 18 90 19 34 39 43

c 10 11 12 13 14 15 16 17 18
MA 21 .26 .22 .26 .29 30 31 36 47
RES 30 * * * * * * * *

BG 85 150 140 250 310 290 300 410 320

Janko Boehm (TU-KL) Decomposition of Semigroup Algebras 20 March 2013 15 / 18



Computation of reg K[B] via decomposition of semigroup algebras (MA),
resolution (RES) and the algorithm of Bermejo-Gimenez (BG):
e K =Q, B C N3 with ¢ + 3 random generators of coordinate sum 5:
c 1 2 3 4 5 6 7 8 9
MA | 073 089 .095 .10 .13 .14 .14 19 .16

RES | .0099 .0089 .011 .013 .020 .046 .18 1.1 6.8
BG 036 053 47 18 90 19 34 39 43

c 10 11 12 13 14 15 16 17 18
MA 21 .26 22 26 29 30 .31 36 .47
RES 30 * * * * * * * *

BG 85 150 140 250 310 290 300 410 320

o K = Fyp1, B C IN* with ¢ + 4 random generators, coordinate sum 5:
c ‘ 12 16 20 24 28 32 36 40 44 48 52
MA {38 13 69 22 17 19 15 44 6.0 89 13
BG | 46 150 380 840 940 =« * * * * %
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Ring theoretic properties

Proposition

Let K be a field, B C IN™ simplicial, A = (ey, ..., eq) with linearly
independent e; € B and C(A) = C(B). Decompose
K[B] = @gcc le(—hg). Then:

v
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Ring theoretic properties

Proposition

Let K be a field, B C IN™ simplicial, A = (ey, ..., eq) with linearly
independent e; € B and C(A) = C(B). Decompose
K[B] = @gcc le(—hg). Then:

@ K|B] is Cohen-Macaulay <= Iz = K[A] Vg.

v
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Ring theoretic properties

Proposition

Let K be a field, B C IN™ simplicial, A = (ey, ..., eq) with linearly
independent e; € B and C(A) = C(B). Decompose
K[B] = @gcc le(—hg). Then:

@ K|B] is Cohen-Macaulay <= Iz = K[A] Vg.

@ K|B] is Gorenstein <= lg = K[A] Vg and {hg | g} has exactly one
maximal element wrtx <y <& dzeB:x+z=y.

v
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Ring theoretic properties

Proposition

Let K be a field, B C IN™ simplicial, A = (ey, ..., eq) with linearly
independent e; € B and C(A) = C(B). Decompose
K[B] = @, ls(—hg). Then:
@ K|B] is Cohen-Macaulay <= Iz = K[A] Vg.
@ K|B] is Gorenstein <= lg = K[A] Vg and {hg | g} has exactly one
maximal element wrtx <y <& dzeB:x+z=y.
© K|B] is Buchsbaum <= Vg I = K[A] or Iy = K[A]+ and
hg + b € B Vb € Hilb(B).

v
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Ring theoretic properties

Proposition
Let K be a field, B C IN™ simplicial, A = (ey, ..., eq) with linearly
independent e; € B and C(A) = C(B). Decompose
K[B] = @, ls(—hg). Then:
@ K|B] is Cohen-Macaulay <= Iz = K[A] Vg.
@ K|B] is Gorenstein <= lg = K[A] Vg and {hg | g} has exactly one
maximal element wrtx <y <& dzeB:x+z=y.
© K|B] is Buchsbaum <= Vg I = K[A] or Iy = K[A]+ and
hg + b € B Vb € Hilb(B).

Q K|[B] is normal <= Vx € By 3A1,..., Ay €Q with0 < A; < 1 s.t.
_ yvd A
X—Z,‘Zl)\,e,.

v
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Ring theoretic properties

Proposition
Let K be a field, B C IN™ simplicial, A = (ey, ..., eq) with linearly
independent e; € B and C(A) = C(B). Decompose
K|[B] = Dgec lg(—hg). Then:
@ K|B] is Cohen-Macaulay <= Iz = K[A] Vg.
@ K|B] is Gorenstein <= lg = K[A] Vg and {hg | g} has exactly one
maximal element wrtx <y <& dzeB:x+z=y.
© K|B] is Buchsbaum <= Vg I = K[A] or Iy = K[A]+ and
hg + b € B Vb € Hilb(B).
Q K|[B] is normal <= Vx € By 3A1,..., Ay €Q with0 < A; < 1 s.t.
X = 27:1 )L,'e,'.
@ K|[B| is seminormal <= Vx € B 34, ..., AdEQwith0 < A; <1
s.t. x = 27:1 Aje;.

v

Janko Boehm (TU-KL) Decomposition of Semigroup Algebras 20 March 2013 16 / 18



Regularity bounds

Conjecture (Eisenbud-Goto, 1984)

If K is algebraically closed and | C R = K|x1, ..., xn| is a homogeneous
prime ideal then for S = R/

regS < degS — codim S.

Here codim S := dimk S; — dim S denotes the codimension of S.

Janko Boehm (TU-KL) Decomposition of Semigroup Algebras 20 March 2013 17 / 18



Regularity bounds

Conjecture (Eisenbud-Goto, 1984)

If K is algebraically closed and | C R = K|x1, ..., xn| is a homogeneous
prime ideal then for S = R/

regS < degS — codim S.

Here codim S := dimk S; — dim S denotes the codimension of S.

The conjecture has been proved for:
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Regularity bounds

Conjecture (Eisenbud-Goto, 1984)

If K is algebraically closed and | C R = K|x1, ..., xn| is a homogeneous
prime ideal then for S = R/

regS < degS — codim S.

Here codim S := dimk S; — dim S denotes the codimension of S.

The conjecture has been proved for:
e dimension 2 (Gruson, Lazarsfeld, and Peskine)
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Regularity bounds

Conjecture (Eisenbud-Goto, 1984)

If K is algebraically closed and | C R = K|x1, ..., xn| is a homogeneous
prime ideal then for S = R/

regS < degS — codim S.

Here codim S := dimk S; — dim S denotes the codimension of S.

The conjecture has been proved for:

e dimension 2 (Gruson, Lazarsfeld, and Peskine)
@ Buchsbaum (Stiickrad and Vogel)
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Regularity bounds

Conjecture (Eisenbud-Goto, 1984)

If K is algebraically closed and | C R = K|x1, ..., xn| is a homogeneous
prime ideal then for S = R/

regS < degS — codim S.

Here codim S := dimk S; — dim S denotes the codimension of S.

The conjecture has been proved for:

e dimension 2 (Gruson, Lazarsfeld, and Peskine)
@ Buchsbaum (Stiickrad and Vogel)
e degS < codim S + 2 (Hoa, Stiickrad, and Vogel)
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Regularity bounds

Conjecture (Eisenbud-Goto, 1984)

If K is algebraically closed and | C R = K|x1, ..., xn| is a homogeneous
prime ideal then for S = R/

regS < degS — codim S.

Here codim S := dimk S; — dim S denotes the codimension of S.

The conjecture has been proved for:
e dimension 2 (Gruson, Lazarsfeld, and Peskine)
@ Buchsbaum (Stiickrad and Vogel)
e degS < codim S + 2 (Hoa, Stiickrad, and Vogel)
@ smooth surfaces in characteristic 0 (Lazarsfeld) and certain smooth
3-folds (Ran).
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Regularity bounds

Conjecture (Eisenbud-Goto, 1984)

If K is algebraically closed and | C R = K|x1, ..., xn| is a homogeneous
prime ideal then for S = R/

regS < degS — codim S.

Here codim S := dimk S; — dim S denotes the codimension of S.

The conjecture has been proved for:

e dimension 2 (Gruson, Lazarsfeld, and Peskine)

@ Buchsbaum (Stiickrad and Vogel)

e degS < codim S + 2 (Hoa, Stiickrad, and Vogel)

@ smooth surfaces in characteristic 0 (Lazarsfeld) and certain smooth
3-folds (Ran).

homogeneous semigroup rings of codim 2 (Peeva and Sturmfels).
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Regularity bounds

Conjecture (Eisenbud-Goto, 1984)

If K is algebraically closed and | C R = K|x1, ..., xn| is a homogeneous
prime ideal then for S = R/

regS < degS — codim S.

Here codim S := dimk S; — dim S denotes the codimension of S.

The conjecture has been proved for:

e dimension 2 (Gruson, Lazarsfeld, and Peskine)
@ Buchsbaum (Stiickrad and Vogel)
e degS < codim S + 2 (Hoa, Stiickrad, and Vogel)
@ smooth surfaces in characteristic 0 (Lazarsfeld) and certain smooth
3-folds (Ran).
homogeneous semigroup rings of codim 2 (Peeva and Sturmfels).
simplicial homogeneous semigroup rings if they
o have an isolated singularity (Herzog, Hibi)
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Regularity bounds

Conjecture (Eisenbud-Goto, 1984)

If K is algebraically closed and | C R = K|x1, ..., xn| is a homogeneous
prime ideal then for S = R/

regS < degS — codim S.

Here codim S := dimk S; — dim S denotes the codimension of S.

The conjecture has been proved for:

e dimension 2 (Gruson, Lazarsfeld, and Peskine)
@ Buchsbaum (Stiickrad and Vogel)
e degS < codim S + 2 (Hoa, Stiickrad, and Vogel)
@ smooth surfaces in characteristic 0 (Lazarsfeld) and certain smooth
3-folds (Ran).
homogeneous semigroup rings of codim 2 (Peeva and Sturmfels).
simplicial homogeneous semigroup rings if they
o have an isolated singularity (Herzog, Hibi)

o are seminormal (Nitsche)
Janko Boehm (TU-KL) Decomposition of Semigroup Algebras 20 March 2013 17 / 18



Regularity bounds

Proposition

The Eisenbud-Goto conjecture holds provided that the minimal generators
of B in N9 have fixed coordinate sum « ford =3 and « < 5, ford = 4
and « < 3, as well as ford =5 and o = 2.
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Regularity bounds

Proposition

The Eisenbud-Goto conjecture holds provided that the minimal generators
of B in N9 have fixed coordinate sum « ford =3 and « < 5, ford = 4
and « < 3, as well as ford =5 and o = 2.

deg-codim 121 ¢ s o o o o o

01234567 891011121314

reg
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Regularity bounds

Proposition

The Eisenbud-Goto conjecture holds provided that the minimal generators
of B in N9 have fixed coordinate sum « ford =3 and « < 5, ford = 4
and « < 3, as well as ford =5 and o = 2.
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reg deg
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